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We establish that the cuprate pseudogap plays a crucial role in the ab-plane optical conductivity
σ(ω,T ) for temperatures T ≤ Tc. The pseudogap signatures in σ(ω,T ) associated with competing
proposals of a “hidden order” and “superconducting” origin for the dx2−y2 pseudogap are found to
differ in their qualitative ω,T dependences. For the latter case, as T increases from 0, excess low ω
weight appears; moreover, a much wider range of ω contributes to form the condensate. We discuss
these theories in light of current experiments.
While a major fraction of the cuprate phase diagram
has been found to be associated with a pseudogap there
is still no definitive explanation for the origin of this
anomalous phase. Here normal state thermodynamic and
transport properties exhibit an excitation gap of d-wave
symmetry (with onset at temperature T ∗) which appears
to be continuous with the excitation gap of the super-
conducting phase (with onset at Tc ≤ T ∗). Theoreti-
cal schools for addressing this phenomenon fall roughly
into two camps in which this pseudogap derives from
(i.e., is “intrinsic”) or is independent of (i.e.,“extrinsic”
to) the superconductivity. Despite its clear presence
in thermodynamical and transport data, mysteriously,
experiments1 on the in-plane electrodynamics show few
conspicuous signatures of the pseudogap. In this pa-
per we demonstrate how, in both theoretical schools, the
pseudogap enters as a rearrangement, relative to BCS
predictions, of spectral weight in Reσ(ω) = σ1(ω). More-
over, we suggest that it is the width of the range of fre-
quencies contributing to form the condensate which pro-
vides a most effective criterion, both for descriminating
between theoretical approaches, and for direct compari-
son with the data. The experimental observation2,3 that
(in the underdoped regime), relatively high ω participate
in the condensate poses a serious challenge for both strict
BCS theory and the extrinsic school.
Strict BCS theory is overly constrained because it con-
tains a single energy scale. Nevertheless, we argue here
that a mean field theoretic approach is appropriate be-
cause of (1) the notable similarity of many (but not
all) measured properties to their BCS predictions. (2)
the very narrow critical regime, and (3) the large sep-
aration between T ∗ and Tc (which appears to be too
big to derive from fluctuations around strict BCS the-
ory). Moreover, the electromagnetic response of the su-
perconducting state can be readily formulated at this
generalized mean field level. In the standard formu-
lation, the imaginary axis conductivity is written as
σab(Q) =
e2
i(iωn)
[Pab(Q)− nab] where Q = (q = 0, iωn).
We define Green’s functions
G(K) = − iω
′
n + ǫk − µ
ω′2n + E
2
k
F (K) =
∆k
ω′2n + E
2
k
(1)
E2k = (ǫk − µ)2 + (∆k)2 (2)
Here ǫk refers to a generalized “band structure”, which
may differ from the bare hopping dispersion ξk =
−2t(coskx + cosky), whereas ∆k refers to a general-
ized “gap” parameter, whose k-dependence we separate
as ∆k = ∆ϕk with ϕk = cos(kx) − cos(ky) for d-wave
pairing.
The quasiparticle velocity va = ∂aǫk leads to
nab = 2
∑
K
[∂aǫk∂bǫk(FF −GG)
+ 2∂aǫk∂b∆kFG] . (3)
BCS theory predicts the response PBCSab (Q) =
−2∑K ∂aǫk∂bǫk(GG++FF+) (where G = G(K), G+ =
G(K +Q), and similarly for F ,) so that the general ex-
pression for the superfluid density (ns)ab = nab − Pab(0)
reduces in the BCS case (omitting tensor indices) to
nBCSs = 4
∑
K
(∂aǫk∂bǫkFF + ∂aǫk∂b∆kFG) (4)
Since in BCS theory there is only one energy scale, one
identifies ∆ as ∆sc = ∆, and ns vanishes only when
the excitation gap vanishes. More correctly, it should be
clear that the superfluid density must necessarily reflect
the superconducting order parameter ∆sc which may be
distinguished from the total excitation gap ∆, so that
ns(T ) ∝ (∆sc(T ))2. This serves to underline a major
shortcoming4 of strict BCS theory.
The simplest mean field pseudogap approach (case (i))
is referred to as “rescaled BCS theory”5. Here, the sin-
gle energy scale framework of BCS theory ∆sc = ∆ is
preserved while modifying the response by a frequency-
independent factor as Pab = γ(T )P
BCS
ab . This enhance-
ment causes ns to vanish at Tc lower than T
∗. The
factor γ(T ) is related to the suppression of the super-
fluid ns = f(T )n
BCS
s by the sum rule constraint γ(T ) =
n
n−nBCS
s
(T ) (1 − f(T )) + f(T ), with f(T ) chosen to van-
ish at Tc and fitted to ns(T ). The microscopic physics
of this otherwise phenomenological scheme is presumably
connected to the approach of Lee and Wen6; γ may also
2reflect the renormalization of electron charge as can occur
in Fermi-liquid based approaches to the superconducting
state7. In overdoped samples with Tc = T
∗, BCS theory
works well, i.e., f(T ) = 1.
Alternatively, one may argue that ∆sc 6= ∆, so that
at the mean field level, the gap and the order parameter
are distinct. The extrinsic school introduces a pseudo-
gap ∆pg directly into the quasi-particle bandstructure ǫk
and defines ∆ ≡ ∆sc in the above mean field formal-
ism, yielding ns ∝ ∆2sc via Eq. (4). Below Tc, Eq. (2)
shows that in this school the dispersion of the fermionic
quasi-particles has no simply defined BCS-like excitation
gap. However, in this paper (as elsewhere8) we will as-
sume that one can define a meaningful excitation gap for
the extrinsic case as ∆k ≈
√
(∆pg
k
)2 + (∆sc
k
)2. We im-
plement this picture by introducing an additional order
parameter which breaks translation symmetry, leading to
two bands ǫ±
k
= ±
√
ξ2
k
+ (∆pg
k
)2. The precise superfluid
density expression is slightly more complicated than Eq.
(4) due to interband effects.9 While we calculate Pab for
a d-density wave10,11 (DDW) here, we argue that our
results are generic, applying to other extrinsic pseudo-
gap theories.8,12 The Green’s functions F±, G± for the
two bands are obtained from Eq. (1), (2) by replacing ǫk
with ǫ±
k
. For the d-density-wave/superconducting coex-
istent state, we find
Pab(Q) = −2
′∑
K,ν=±
[
v(1)a v
(1)
b (G
νGν+ + F
νF ν+) (5)
+ v(2)a v
(2)
b (G
νG−ν+ + F
νF−ν+ )
]
where momentum is summed over the half Brillouin zone,
ν is the band index, v
(1)
a = ∂aǫk, and v
(2)
a = (ξk∂a∆
pg
k
−
∆pg
k
∂aξk)/ǫk.
Finally, we consider a third mean field alternative (iii)
in which the pseudogap is intrinsically connected with
the superconductivity13. In this picture ∆pg is associ-
ated with a stronger-than-BCS attractive interaction, so
that (finite momentum) pairs form at a higher temper-
ature T ∗ than that at which they Bose condense (Tc).
Here the pseudogap enters on the same footing as the
superconducting order parameter, and the fermionic dis-
persion is given by Eq. (2) with the value of∆k assigned
to be ∆k, and ǫk = ξk. In this last approach, which has
a detailed microscopic basis13, the superfluid density has
the form
ns = [∆
2
sc/∆
2]nBCSs ; ∆ =
√
(∆pg)2 + (∆sc)2. (6)
The corresponding electromagnetic response is the sum
of fermionic (BCS, with full gap ∆(T )) and bosonic con-
tributions
Pab(Q) = −2
∑
K
∂aξk∂bξk(FF+ +GG+)
+ A
∑
P
∂aΩp∂bΩpt
pg(P )tpg(P +Q) (7)
Here we have approximated14 the second bosonic term,
which originates from an Aslamzov-Larkin diagrams)15.
It represents the coupling of radiation to uncondensed
pairs of charge-2e responsible for suppressing ns rela-
tive to nBCSs . The pairs have a propagator tpg(P ),
which at small P can be parameterized as t−1pg (p, ω) =
ω(1 + iν) − Ωp (after continuation to real frequency
ω.) Here Ωp = p
2/2M and the pair chemical poten-
tial is zero for T ≤ Tc. While our microsopic theory16
yields the pair massM and lifetime parameter associated
with ν, the diagrammatic calculations can be avoided by
borrowing from general TDGL formulations17 which de-
scribe the hydrodynamics of non-condensed bosons. In
particular, the optical sum rule constrains the conduc-
tivity spectral weight of this boson contribution to be
nbosons = [∆
2
pg/∆
2]nBCSs , determining the prefactor A.
In the intrinsic school the condensate (∆sc) grows
with decreasing T at the expense of ∆pg as the frac-
tion of (quasi-ideal Bose gas) finite momentum pair ex-
citations decreases. Precisely at T = 0, ∆pg vanishes
and the ground state is given by the BCS generaliza-
tion first proposed in Ref. 18. By contrast, in the ex-
trinsic model ∆pg is relatively T independent below Tc
in the underdoped regime. One can summarize: to a
good approximation, for the intrinsic model13 (case (iii))
∆2pg(T ) ≈ ∆2(Tc)(T/Tc)3/2, whereas for the extrinsic
model (case (ii)) at low doping ∆2pg(T ) ≈ ∆2pg(Tc).
The following calculations for σ1(ω) address an un-
derdoped (UD) and a slightly over-doped (OD) cuprate
with hole concentration x quantified by excitation gap
ratio ∆(Tc)/∆(0) which assumes the values 0.99 and 0.5
respectively. This corresponds roughly to x ≈ 0.06 and
x ≈ .17. The two quantities ns(0)/∆(0) and Tc/T ∗ were
computed within each microscopic theory and roughly
fit to experiment. We presume that the temperature de-
pendence of the full excitation gap for T ≤ Tc is given
by the BCS d-wave result, so that ∆(0)/T ∗ is a univer-
sal number, as seems to be the case experimentally19.
We include scattering from random non-magnetic impu-
rities by renormalizing F and G in the above formulae,20
and, for simplicity, compute the bosonic term in Eq(7)
using standard TDGL results17. Following conventional
procedures,21 we pre-calculate a table of self-energies on
the real frequency axis. We handle the complicated be-
havior of energy and k integrands using automatic 1d
or 2d adaptive quadrature, determining σ1 to 1% rela-
tive accuracy. While we have explored both Born and
unitary limits, the computations are more tractible in
the unitary limit, which we consider here with scatter-
ing potential u δ(r), u/2t→∞, and with 0.01 impurities
per unit cell. Our numerical calculations (1) conserve
the integrated density of states, (2) conserve conductiv-
ity spectral weight, and (3) yield22 σ1(T = 0, ω = 0) =
(2/π)2t/∆. Here and throughout we use conductance
units e2/h = 1.
In the insets of Figures 1a and 2a are plotted the nor-
malized superfluid densities for the intrinsic (iii) and ex-
trinsic cases (ii) in the underdoped regime. The strict
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FIG. 1: Real part of ac conductivity for the intrinsic (solid),
rescaled BCS (dotted) and strict BCS (dashed) models at
underdoped (UD) and slightly overdoped (OD) x at T = 0
(1a, 1c) and T = Tc (1b,1d). Insets plot the corresponding
ns compared to n
BCS
s (1a) and the bosonic contribution to σ1
(1b).
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FIG. 2: σ1(ω) for the extrinsic psudogap at underdoped (UD)
and slightly overdoped (OD) x at T = 0 (2a,2c) and T = Tc
(2b,2d). The arrow indicates ∆(0) ≈ ∆pg(Tc)
.
“BCS” curves for each case are chosen to have the same
excitation gap parameter, so that nBCSs vanishes at T
∗.
It is clear from the above discussion that the calculated
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FIG. 3: Partial integral of condensing spectral weight, nor-
malized by the total, for the three pseudogap models (under-
doped).
superfluid density is depressed and vanishes at a lower
temperature (Tc) than its BCS counterpart. Sum rule
considerations thus indicate that there must be excess
spectral weight in σ1(ω, T ) at ω 6= 0 associated with pseu-
dogap effects.
The frequency distribution of this excess spectral
weight can be inferred from the plots in Figures 1 and
2 which show σ1(ω) for the UD and OD hole concentra-
tions at T = 0 and T = Tc in the intrinsic (solid lines)
and extrinsic cases respectively. In Figures 1a, and 1c
the rescaled BCS model (dotted lines) coincides with the
solid curves at T = 0 due to the complete condensation
of the pseudogap. It is clear that in the intrinsic case
the added pseudogap weight (present at any T 6= 0) ap-
pears at very low ω, varying as17 1/
√
ω, as well as at very
high ω where it introduces a long tail associated with the
fermion induced damping of non-condensed pairs. Inter-
actions with the fermionic two particle continuum (which
itself is gapped) constrains the bosonic lifetime. By con-
trast, in the extrinsic case the pseudogap is associated
with a secondary maximum which appears at the en-
ergy scale ∆pg(Tc) ≈ ∆(0). This arises from interband
effects11 with threshold at ω = 2µ.
It should be noted that a direct comparison of σ1(ω)
between theory and experiment is complicated because
the origin of the so-called mid-infrared spectral weight
is uncertain23, and because the ratio of the T = 0 con-
densate to the total integrated spectral weight (at Tc)
is anomalously small (20% or less)23. Thus, we focus
on the difference curves, and their associated integrals.
We introduce the partially integrated spectral weight
∆N(Ω) = 1pi
∫ Ω
0
[σ1(ω, Tc) − σ1(ω, 0)]dω, which is plot-
ted in Figure 3 for the underdoped regime. This plot
indicates which frequencies are required to account for
the superfluid density in both the extrinsic and intrinsic
cases.
Strikingly, the intrinsic pseudogap and rescaled BCS
theories both show substantial contributions to the con-
4densate up to relatively high frequencies of order 4
∆(0) ≈ 960cm−1 or more. By contrast, in the extrin-
sic school, the condensate derives from a much narrower
range of frequencies. Since interband conductivity terms
make a negligible condensate contribution, this observa-
tion holds even for extrinsic theories which lack inter-
band effects8,12. An analogous narrowing of condensate
frequencies occurs in strict BCS theory at low x when
∆(T ) is properly chosen to be T independent, so that
the only relevant energy scales are the much lower Tc
and scattering rate.
For T ≤ Tc, inelastic scattering, which has been ig-
nored in the above calculations, may affect any direct
comparison between theory and experiment. This leads
to non-monotonic ω dependences and is expected to be
most important in the optimal and over-doped regime,
where inelastic effects are strongly T dependent below
Tc, reflecting the T dependence of ∆(T ). It follows, sim-
ilarly, that in the underdoped regime where ∆(T ) is con-
stant, inelastic effects should not contribute appreciably
to ∆N .
Finally, it can be noted that the only, nevertheless
ambiguous24, evidence for a pseudogap appears in the
experimental literature1 via Drude fits to σ(ω), where
the resulting 1/τ(ω) is suppressed at frequency ωo ≈ 600
cm−1. Because of its x independence we speculate that
ωo may reflect a phonon or other boson
1 with coupling
modulated by the opening of an excitation gap. Although
these secondary pseudogap effects are beyond the scope
of this paper, we find here that Drude fits are quite gen-
erally problematic for cases (ii) and (iii) discussed here.
In summary, in this paper (i) we have investigated
competing proposals for the pseudogap origin and have
presented theoretical (and rather generic) mean field ex-
pressions for σ(ω). (ii) Both major mean field pseudo-
gap schools lead to the prediction that pseudogap ef-
fects must enter as a rearrangement of excess spectral
weight (relative to strict BCS theory predictions) in the
ac conductivity. For the intrinsic school, there is a rapid
growth in σ1 with increasing low T , at fixed low frequen-
cies (which may have been observed experimentally25),
as well as long high ω tails, (possibly also observed2,3)
which tails become more pronounced with increasing T .
While for the extrinsic school, there is a transfer of spec-
tral weight from low to high ω. However, here the re-
sulting secondary maximum is present at all T ≤ T ∗ and
does not participate in the condensation. Direct com-
parison with experimental data is made complex by the
small integrated spectral weight in the condensate and
our neglect of inelastic scattering23. Therefore, we have
focused on the condensing portion of the spectral weight
by considering the change in σ1(ω) from 0 to Tc. (iv)
We find that when ∆(T ) ≈ const, strict BCS theory can-
not account for the relatively high (∼ 4∆(0)) frequency
scale associated with the condensate. The extrinsic ap-
proach suffers from a similar problem. In an artificial way
rescaled BCS theory remedies this weakness. However,
the observed high frequency contributions arise naturally
in an intrinsic model; their presence reflects the under-
lying scattering of non-condensed bosons from the two
particle fermionic states.
This work was supported by NSF-MRSEC Grant No.
DMR-9808595 (AI, JS, KL) and by NSERC of Canada
and Research Corporation (YK). We especially thank
Qijin Chen for useful discussions and are grateful to
D. Basov, N. Bontemps, J. Carbotte and Shi-Na Tan
for multiple conversations, and to W. Putikka and E.
Schachinger for consultation regarding numerical tech-
niques.
1 A. Puchkov, D. Basov, and T. Timusk, J. Phys. Condens.
Matter 8, 10049 (1996).
2 H. J. Molegraaf et al., Science 295, 2239 (2002).
3 A. F. Santander-Syro et al., condmat/0111539 (2001).
4 J. Stajic et al., cond-mat/0205497 (2002).
5 A. J. Berlinsky, D. A. Bonn, R. Harris, and C. Kallin,
Phys. Rev. B 61, 9088 (2000).
6 P. A. Lee and X. Wen, Phys. Rev. Lett. 78, 4111 (1997).
7 A. Millis, cond-mat/0112509 (2001).
8 J. W. Loram et al., Jour. of Superconductivity 7, 243
(1994).
9 The new order parameter modifies the current operator
such that nab and Pab acquire additional interband terms;
the resulting ns agrees with a result found previously by
other means with, however, the sign of interband terms
reversed. See Q. Wang, J. H. Han, and D. H. Lee, Phys.
Rev. Lett. 87,077004 (2001).
10 S. Chakravarty, R. B. Laughlin, D. K. Morr, and C. Nayak,
Phys. Rev. B 63, 094503 (2001).
11 X. Yang and C. Nayak, Phys. Rev. B 65, 064523 (2002).
12 P. Nozieres and F. Pistolesi, Eur. Phys. J. B 10, 649 (1999).
13 Q. J. Chen, I. Kosztin, B. Janko, and K. Levin, Phys. Rev.
Lett. 81, 4708 (1998).
14 F. Federici and A. Varlamov, Phys. Rev. B 55, 6070 (1997).
15 The non-BCS terms in the intrinsic pseudogap response
arise from vertex contributions of Azlamazov-Larkin type
proportional to ∆2pg, or the density of propagating bosonic
pairs. See I. Kosztin, Qijin Chen, Ying-Jer Kao, and K.
Levin, Phys. Rev. B 61, 11662 (2000).
16 I. Kosztin, Q. J. Chen, B. Janko, and K. Levin, Phys. Rev.
B 58, R5936 (1998).
17 H. Schmidt, Z. fur Physik 336, 336 (1968).
18 A. J. Leggett, in Modern Trends in the Theory of Con-
densed Matter (Springer-Verlag, Berlin, 1980), pp. 13–27.
19 M. Oda et al., Physica C 281, 135 (1997).
20 Y. Kao, A. Iyengar, and K. Levin, cond-mat/0206004
(2002).
21 R. Fehrenbacher, Phys. Rev. Lett. 77, 1849 (1996).
22 P. Lee, Phys. Rev. Lett. 71, 1887 (1993).
23 H. L. Liu et al., J. Phys.: Condens. Matter 11, 239 (1999).
24 A. F. Santander-Syro et al., Phys. Rev. Lett. 88, 097005
(2002).
525 A. Hosseini et al., Phys. Rev. B 60, 1349 (1999).
